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Introduction

Welcome to a deep dive into chapter 6 exponential and logarithmic functions. Whether youre a high school
student tackling algebra or a college sophomore preparing for calculus, this chapter is a cornerstone of
mathematical understanding. Exponential and logarithmic functions form the backbone of many scientific
disciplines, from physics and biology to finance and computer science. By the end of this guide, you'll not only
grasp the theoretical underpinnings of these functions but also master their practical applications and common
pitfalls.

Overview of Chapter 6

Chapter 6 typically focuses on two families of functions that are inverses of each other: the exponential family and
the logarithmic family. The chapter is structured to build intuition step-by-step:

¢ Define exponential and logarithmic functions.

* Explore their key properties and rules.

e Learn how to graph and interpret these functions.

¢ Apply them to solve real-world problems.

 Practice with a variety of exercises to cement understanding.

Key Concepts Covered

1. Base of exponential functions and the natural base e.

Rules of exponents: product, quotient, power, and zero exponents.
Definition of logarithms as inverse operations.

Logarithmic identities: product, quotient, power, and change-of-base.
Graphing technigues and asymptotes.

Solving exponential and logarithmic equations.

Applications in growth/decay, pH, decibels, and more.
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Exponential Functions

Definition and Notation

An exponential function has the form f(x) = a”x, where the base a is a positive real number not equal to 1. The
variable x appears in the exponent, making the function grow or decay rapidly.

Common bases include:

e 2 —used in binary systems.
¢ 10 — the common logarithm base.
e e "H 2.71828 — the natural base, crucial for continuous growth.

Properties of Exponential Functions

Understanding the algebraic properties of exponents is essential:

¢ Product Rule: a®m * a®n = a*(m+n)



Quotient Rule: a"m / a™n = a’(m-n)
e Power Rule: (a”m)”n = a®(m*n)
e Zero Exponent: a”0 = 1 (for any nonzero a)
e Negative Exponent: a*(-n) = 1/(a™n)
Graphing Exponential Functions
When graphing f(x) = a"x, key features include:
e Horizontal Asymptote: The line y = O for all positive bases.
 Intercepts: The y-intercept is always 1 because a”0 = 1. The x-intercept is none.

¢ Growth vs. Decay: If a > 1, the function grows; if O , it decays.
e Domain & Range: Domain is all real numbers; range is (0, ).

Plotting points and sketching the curve helps visualize how rapidly the function changes.

Applications of Exponential Functions

Exponential growth and decay appear across disciplines:
¢ Population Dynamics: Modeling bacterial growth with P(t) = P_0 * e”(rt).
e Radioactive Decay: N(t) = N_0 * (1/2)\(t/T), where T is the half-life.

e Finance: Compound interest: A = P(1 + r/n)*(nt).
¢ Cooling Laws: Newton's law of cooling uses exponential decay.

Logarithmic Functions

Definition and Relationship to Exponential Functions

A logarithmic function is the inverse of an exponential function. For a base a > 0 (and a "™ 1), the logarithm of a
number y is the exponent x such that a”x = y. It's denoted as log_a(y) or log_a/y.

Because they are inverses, solving log_a(y) = x is equivalent to solving a*x =y.

Properties of Logarithmic Functions

Key identities include:

e Product Rule: log_a(xy) = log_a(x) + log_a(y)

¢ Quotient Rule: log_a(x/y) = log_a(x) - log_a(y)

e Power Rule: log_a(x"k) = k * log_a(x)

¢ Change-of-Base Formula: log_a(b) = In(b)/In(a) = log_c(b)/log_c(a)
e Logarithm of 1:log_a(1) =0

e Logarithm of the Base: log_a(a) =1

Graphing Logarithmic Functions

When graphing g(x) = log_a(x), observe:

* Vertical Asymptote: The line x = 0.

 Intercepts: The point (1, 0) because log_a(1) = 0.

¢ Domain & Range: Domain is (0, "); range is all real numbers.

e Growth vs. Decay: If a > 1, the function increases; if O , it decreases.

Plotting points such as (a, 1) and (1/a, -1) helps shape the curve accurately.

Applications of Logarithmic Functions



Logarithms simplify multiplication and division into addition and subtraction, which is especially useful for:

e pH Scale: pH = -log_10([H+]).

e Decibel Levels: dB = 10 * log_10(l/_0).

e Earthquake Intensity: Richter scale uses logarithms.
 Information Theory: Entropy calculations involve logarithms.

Relationship Between Exponential and Logarithmic Functions

The inverse relationship means:

o Ify =a”x, then x = log_a(y).
e The graphs of y = a”x and y = log_a(x) are reflections across the line y = x.
¢ Understanding this symmetry aids in solving equations and interpreting graphs.

Solving Exponential and Logarithmic Equations

Exponential Equations

When faced with equations such as 2”x = 16, use exponent rules or logarithms:

1. Rewrite 16 as a power of 2: 2"x = 2"\4,
2. Set exponents equal: x = 4.

For more complex forms like 3*(2x+1) = 81, take logarithms on both sides:

1. Apply log_3 to both sides: 2x+1 = log_3(81) = 4.
2. Subtract 1 and divide by 2: x = 1.5.

Logarithmic Equations
Consider log_2(x) + log_2(x-3) = 3. Combine using the product rule:

Rewrite: log_2[x(x-3)] = 3.

Exponentiate: 23 = x(x-3), so 8 = x*2 - 3x.

Rearrange: x"2 - 3x - 8 = 0.

Factor: (x-4)(x+2) = 0.

Solutions: x = 4 or x = -2. Reject -2 because logs require positive arguments.
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Real-World Applications

Biology: Population Growth

Using P(t) = P_0 * e”\(rt), you can predict future populations given a growth rate r and initial population P_0. For
instance, if a bacterial culture starts with 1,000 cells and doubles every hour, the model is P(t) = 1000 * 2"t.

Medicine: Drug Concentration

Drug elimination often follows exponential decay: C(t) = C_0 * e”(-kt). Knowing the half-life allows calculation of how
long a drug remains in the bloodstream.
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