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Computational geometry is the branch of computer science that deals with algorithms for solving geometric

problems. From designing efficient collision detection systems in video games to enabling accurate geographic

information systems (GIS), the field offers powerful tools for tackling real �world challenges. In this guide we explore

the most common geometric algorithms, discuss their applications, and walk through a series of practice exercises

with detailed solutions. Whether you’re a student preparing for coursework or a developer looking to deepen your

understanding, this comprehensive resource will equip you with the knowledge and hands �on experience needed to

master computational geometry.

Why Computational Geometry Matters

At its core, computational geometry turns abstract shapes and spatial relationships into data structures and

procedures that computers can manipulate quickly. The ability to process geometric queries efficiently is vital for:

•  Computer Graphics – rendering scenes, ray tracing, and mesh generation.

•  Robotics – path planning, obstacle avoidance, and sensor fusion.

•  Geographic Information Systems – map overlay, spatial indexing, and terrain analysis.

•  Computer Vision – feature detection, shape matching, and object recognition.

•  Scientific Computing – numerical simulations that involve spatial discretization.

Because many of these domains require real �time or near real �time performance, algorithmic efficiency is not just a

theoretical concern—it directly impacts user experience, safety, and resource consumption.

Fundamental Data Structures

Before diving into algorithms, it’s essential to understand the data structures that enable efficient geometric

computation:

Point and Vector Representation

Points are typically stored as coordinate pairs (x, y) for 2 �D or triples (x, y, z) for 3 �D. Vectors, representing directions

and magnitudes, are often treated as points with a common origin. Operations such as dot product, cross product,

and magnitude are fundamental building blocks for many algorithms.

Line Segments and Rays

Line segments are defined by two endpoints, while rays extend infinitely from an origin point in a given direction.

Efficient intersection tests between these primitives underpin many higher �level algorithms.

Bounding Volume Hierarchies (BVH)

For complex meshes, BVHs group primitives into a tree of bounding boxes or spheres. Traversing the tree allows

algorithms to prune large portions of the geometry when performing collision detection or ray �tracing queries.



Spatial Indexes

Quadtrees, k �d trees, and R �trees partition space to accelerate nearest �neighbor searches, range queries, and point

location problems. Choosing the right index depends on the dimensionality and distribution of the data.

Core Algorithms in Computational Geometry

Below we outline the most widely studied algorithms, summarizing their time complexities, typical use cases, and

key implementation details.

Convex Hull Construction

The convex hull of a set of points is the smallest convex polygon that encloses all points. Algorithms:

•  Graham Scan – O(n log n) time, sorts points by polar angle.

•  Jarvis March (Gift Wrapping) – O(nh) time, where h is the number of hull vertices.

•  QuickHull – average O(n log n), analogous to quicksort partitioning.

Applications include collision detection, shape simplification, and computer graphics rendering.

Line Segment Intersection

Determining whether two line segments intersect is a foundational operation. The Bentley–Ottmann algorithm

performs all pairwise intersections in O((n + k) log n) time, where k is the number of intersections.

For pairwise checks, the orientation test and on �segment testare used to handle edge cases and ensure

numerical robustness.

Voronoi Diagrams and Delaunay Triangulation

A Voronoi diagram partitions space into cells where each cell contains all points closer to a particular site than to

any other. The dual structure, the Delaunay triangulation, connects sites whose Voronoi cells share an edge.

Algorithms:

•  Divide �and �Conquer – O(n log n) time, recursively merges sub �triangulations.

•  Incremental Insertion – average O(n log n), easier to implement but can degrade to O(n^2) without careful 

handling.

•  Fortune’s Sweep Line – O(n log n) time, uses a priority queue and a balanced binary tree to maintain the 

beach line.

These structures underpin nearest �neighbor queries, mesh generation, and spatial clustering.

Point Location

Given a planar subdivision, the point �location problem asks which face contains a query point. Efficient solutions 

use trapezoidal maps or spatial trees to achieve O(log n) query time after O(n log n) preprocessing.

Polygon Boolean Operations

Operations such as union, intersection, and difference between polygons are essential for CAD, GIS, and vector 

graphics. The Weiler–Atherton clipping algorithm and the Greiner–Hormann algorithmhandle general

polygons, including self �intersections and holes.

Applications in Industry and Academia

Computer Graphics and Game Development



Real �time rendering pipelines rely on bounding volume hierarchies and spatial indexing to accelerate ray �tracing and

shadow computations. Convex hulls are used for collision detection in physics engines, while Voronoi diagrams

help generate procedural terrain and texture maps.

Robotics and Path Planning

Robotic navigation often requires computing the shortest path around obstacles. Visibility graphs and shortest �path

algorithms in polygonal environments are built on computational geometry primitives. Delaunay triangulation is

used to model the free space and support efficient nearest �neighbor queries for waypoint selection.

Geographic Information Systems (GIS)

GIS platforms perform overlay operations—such as intersecting land parcels or merging administrative boundaries

—using polygon Boolean operations. Spatial indexes accelerate queries like “find all points of interest within a

radius.”

Computer Vision

Feature detection algorithms, such as Harris corner detection, rely on geometric descriptors. Shape matching often

uses convex hulls or bounding boxes to compute similarity scores. 3 �D reconstruction from multiple images uses

Delaunay triangulation to create meshes from point clouds.

Scientific Computing

Finite element analysis (FEA) and computational fluid dynamics (CFD) discretize domains into meshes. Delaunay

triangulation ensures element quality, while spatial indexing speeds up neighbor searches during simulation steps.

Practice Exercises with Solutions

Below you’ll find a selection of exercises that cover a range of difficulty levels. Each problem is followed by a

step �by �step solution that explains the reasoning, key algorithmic steps, and potential pitfalls.

Exercise 1: Compute the Convex Hull of a Point Set

Problem:Given the following points in the plane: (0,0), (1,2), (2,1), (3,3), (4,0), (2,4), (0,3), compute the convex hull

using the Graham Scan algorithm.

1.  Sort the points by increasing y �coordinate (and x for ties). The sorted order is: (0,0), (4,0), (1,2), (2,1), (3,3), 

(0,3), (2,4).

2.  Choose the point with the lowest y (and lowest x) as the pivot: (0,0).

3.  Compute the polar angle of each remaining point relative to the pivot. The sorted order by angle becomes: 

(4,0), (2,1), (1,2), (3,3), (2,4), (0,3).

4.  Initialize a stack with the pivot and the first two points: [(0,0), (4,0), (2,1)].

5.  Iterate through the remaining points, maintaining the invariant that the stack represents the current hull. For 

each point, pop the top of the stack while the turn formed by the last two points on the stack and the new point is 

not a left turn (i.e., the cross product is "d 0). Push the new point onto the stack.

6.  After processing all points, the stack contains the convex hull vertices in counter �clockwise order: (0,0), (4,0), 

(2,4), (0,3).

Thus the convex hull is the quadrilateral with vertices (0,0) !’ (4,0) !’ (2,4) !’ (0,3).

Exercise 2: Detect Intersection Between Two Line Segments

Problem: Determine whether the segments AB: A(1,1) !’ B(4,4) and CD: C(1,4) !’ D(4,1) intersect.

1.  Compute orientation of triplets (A,B,C), (A,B,D), (C,D,A), and (C,D,B). The orientation test uses the sign of 



the cross product:

orient(p,q,r) = (q.x - p.x)*(r.y - p.y) - (q.y - p.y)*(r.x - p.x)

2.  orient(A,B,C) = (4-1)*(4-1) - (4-1)*(1-1) = 3*3 - 3*0 = 9 !’ positive (counter �clockwise).

3.  orient(A,B,D) = (4-1)*(1-1) - (4-1)*(4-1) = 3*0 - 3*3 = -9 !’ negative (clockwise).

4.  orient(C,D,A) = (4-1)*(1-4) - (1-4)*(1-1) = 3*(-3) - (-3)*0 = -9 !’ negative.

5.  orient(C,D,B) = (4-1)*(4-4) - (1-4)*(4-1) = 3*0 - (-3)*3 = 9 !’ positive.

6.  Since the orientations of the first pair have opposite signs and the second pair also have opposite signs, the 

segments intersect.

Hence AB and CD cross at point (2.5, 2.5).

Exercise 3: Build a Voronoi Diagram Using Fortune’s Sweep Line

Problem:Construct the Voronoi diagram for the sites S = {(0,0), (2,0), (1,2)} using Fortune’s algorithm. Provide a

high �level description rather than full implementation details.

•  Event Queue Initialization: Insert site events for each point into a priority queue sorted by y �coordinate (lowest 

first). The queue starts with (0,0), (2,0), (1,2).
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